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Supervised Learning: Multi-Class Classification
▸ Logistic Regression for multi-class classification
▸ si = xiW + b
▸ Soft-Max (SM): ŷk ∼ P(k/xi,W,b) = esk

K
∑

k′=1
esk′

▸ Supervised loss function: L(W,b) = 1
N

N
∑
i=1
`(ŷi ,y∗i )

1. y ∈ {1;2; ...; K}
2. ŷi = argmax

k
P(k/xi ,W,b)

3. `0/1(ŷi ,y∗i ) =
⎧⎪⎪
⎨
⎪⎪⎩

1 if ŷi ≠ y∗i
0 otherwise

: 0/1 loss
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Logistic Regression Training Formulation

▸ Input xi , ground truth output supervision y∗i
▸ One hot-encoding for y∗i :

y∗c,i =
⎧⎪⎪
⎨
⎪⎪⎩

1 if c is the groud truth class for xi

0 otherwise
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Logistic Regression Training Formulation

▸ Loss function: multi-class Cross-Entropy (CE) `CE

▸ `CE : Kullback-Leiber divergence between y∗i and ŷi

`CE (̂yi,y∗i ) = KL(y∗i , ŷi) = −
K

∑
c=1

y∗c,i log(ŷc,i) = −log(ŷc∗,i)

▸ B KL asymmetric: KL(̂yi,y∗i ) ≠ KL(y∗i , ŷi)B
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Logistic Regression Training

▸ LCE(W,b) = 1
N

N
∑
i=1
`CE(ŷi ,y∗i ) = −

1
N

N
∑
i=1

log(ŷc∗,i)

▸ `CE smooth convex upper bound of `0/1
⇒ gradient descent optimization

▸ Gradient descent: W(t+1) = W(t) − η ∂LCE
∂W

(b(t+1) = b(t) − η ∂LCE
∂b )

▸ Computing ∂LCE
∂W = 1

N

N
∑
i=1

∂`CE
∂W ?

⇒ Backpropagation of gradient error!

⇒ Key Property: chain rule
∂x
∂z

=
∂x
∂y
∂y
∂z
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Chain Rule

∂`
∂x =

∂`
∂ŷ

∂ŷ
∂x

▸ Logistic regression:
∂`CE
∂W =

∂`CE
∂ŷi

∂ŷi
∂si

∂si
∂W

5/ 11 N. Thome - Backprop



Logistic Regression Training: Backpropagation
∂`CE
∂W =

∂`CE
∂ŷi

∂ŷi
∂si

∂si
∂W , `CE(ŷi ,y∗i ) = −log(ŷc∗,i) ⇒ Update for 1 example:

▸ ∂`CE
∂ŷi

= −1
ŷc∗,i

= −1
ŷi
⊙ δc,c∗

▸ ∂`CE
∂si

= ŷi − y∗i = δ
y
i

▸ ∂`CE
∂W = xi

T δyi
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Logistic Regression Training: Backpropagation

▸ Whole dataset: data matrix X (N ×m), label matrix
Ŷ, Y∗ (N ×K )

▸ LCE(W,b) = − 1
N

N
∑
i=1

log(ŷc∗,i), ∂LCE
∂W =

∂LCE
∂Ŷ

∂Ŷ
∂S

∂S
∂W

▸ ∂LCE
∂s = Ŷ −Y∗ = ∆y

▸ ∂LCE
∂W = XT ∆y
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Perceptron Training: Backpropagation
▸ Perceptron vs Logistic Regression: adding hidden layer (sigmoid)
▸ Goal: Train parameters Wy and Wh (+bias) with
Backpropagation

⇒ computing ∂LCE
∂Wy = 1

N

N
∑
i=1

∂`CE
∂Wy and ∂LCE

∂Wh = 1
N

N
∑
i=1

∂`CE
∂Wh

▸ Last hidden layer ∼ Logistic Regression
▸ First hidden layer: ∂`CE

∂Wh = xi
T ∂`CE

∂ui
⇒ computing ∂`CE

∂ui
= δhi
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Perceptron Training: Backpropagation

▸ Computing ∂`CE
∂ui

= δhi ⇒ use chain rule:
∂`CE
∂ui

=
K
∑
k=1

∂`CE
∂sk

∂sk
∂ui

▸ ... Leading to:
∂`CE
∂ui

= δhi = δ
y
i
TWy⊙σ

′

(hi) = δ
y
i
TWy⊙(hi⊙(1−hi))
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Deep Neural Network Training: Backpropagation
▸ Multi-Layer Perceptron (MLP): adding more hidden layers
▸ Backpropagation update ∼ Perceptron: assuming ∂L

∂Ul+1
= ∆l+1 known

▸
∂L

∂Wl+1 = Hl
T∆l+1

▸ Computing ∂L
∂Ul
=∆l (=∆l+1T

Wl+1 ⊙Hl ⊙ (1 −Hl) sigmoid)

▸
∂L
∂Wl = Hl−1

T∆hl

10/ 11 N. Thome - Backprop



Backpropagation: Conclusion

▸ Backpropagation: solution for end-to-end training of
deep neural networks

▸ Core for deep learning
▸ Long history and paternity:

▸ Chain rule [Leibniz, 1676], gradient
descent optimization [Cauchy, 1847]

▸ First efficient back-prop applications,
[Kelley, 1960, Bryson and Ho, 1969]

▸ Neural networks training
[Lecun, 1985, Rumelhart et al., 1986]

▸ Overview [Schmidhuber, 2014]
▸ Training issues with back-prop? ⇒ following!
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